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ABSTRACT 

We compare two families of measures defined on the absolute of the universal 
cover of a compact negatively-curved manifold: the harmonic measures and the 
Bowen-Margulis measures. 

Consider a compact negatively-curved Riemannian manifold M. Global geomet- 

ric properties of M are expressed through families of measures on the absolute of 

the universal cover of  M: two natural families are the family of harmonic mea- 

sures, which is defined by the potential theory of the Laplacian, and the family of 

Bowen-Margulis measures, which is defined by the dynamics of  the geodesic flow. 

These two families are very similar and here we prove that in dimension 2, the 

corresponding measures either are singular or coincide, and they coincide only 

when the curvature is constant (Theorem 2). The property that they do coincide 

has several geometric characterizations (Theorem 1). They can be summarized by 

saying that asymptotic quantities on the universal cover behave as if they would 

depend only on the distance. For this reason we call the metric with these prop- 

erties asymptotically harmonic.  

A natural question is whether it is always possible to modify a metric with neg- 

ative curvature into another one which is asymptotically harmonic. The equivalence 

between harmonic and Bowen-Margulis measures might be easy to realize: one has 

to realize the maximum value of an upper semi-continuous functional ([3/ah in the 

notations of section 5) and this maximum value has to be 1 (see [L]). Therefore the 

problem of  interest is whether, like in dimension 2, this equivalence implies that 
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the metric is asymptotically harmonic (see also [K2]). The main aim of this paper 

is to present basic properties related to this latter problem. 

O. Notations 

Throughout the paper we consider a compact connected n-dimensional Rie- 

mannian manifold M, with negative sectional curvatures. We denote by: 

S M  the spherical bundle of M, 

p : SM-~  M the projection, SxM = p - Z l x } ,  

for X in SM, ~/x the geodesic on M defined by ('yx(O), "y~v(O) = X,  

{~ot, t E R} the geodesic flow on SM, defined by ~otX = ('yx(t), 'y~v(t)), 

X E S M ,  t E R .  

.h~ the universal cover of M, 

7r : ~ t  ~ M the natural projection, 

d the distance function on M and on hTl, 

SM the spherical bundle of .~7/, 

for J? E SM, 3';t the geodesic on ~t  such that rv,~ = y~x- and V~(0) = p.,Y, 

h~t(00) the absolute of ~t, space of equivalence classes of geodesics for the re- 

lation supld(~/( t ) ,~/ ' ( t ) ,  t>_ 0} < +00, 

r : S.~--* 37/(00) the map which associates to a vector R the equivalence class of 

the geodesic %t, 
for x in M, rx : Sx~4--, M(00) the restriction of r to Sx-~ t. 
The maps rx are homeomorphisms between sxhT/and AT/(oo) and we often write 

(x, ~) for the element .,Y in SilT/such that 

pC=x, 1~=~. 

There is a natural topology on 57/U A¢(00) which makes A~t(00) the boundary of 

u ~3(00). 
Let ,~" E S/~t; we define the Busemann function ~b2 on A~t by 

~k~-(Y) = lim d(y ,  ~/2( t)) - t. 
l--*Oo 

For each fixed X, ~bR is a C 2 function on M. 

Let A be the Laplace Beltrami operator on AT/and define B (y, r,~) = Ay ~b~(y). 

The function B has a geometric meaning: B(y ,  ~) is the mean curvature of the 

horosphere associated to ~ passing through y (see e.g. [P]). We denote again by B 

the factor function on SM. 
We shall consider two growth rates on 571: We denote by h the topological en- 
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tropy of  the geodesic flow and by h~ the bot tom of the spectrum of  the operator 
- A  on L2(ATI). 

Since the functions e -sdtx'y) belong to L2(AI) for s > h/2 ([M1]), we have: 

4hi -< h 2. 

Throughout the paper the space SM is endowed with its natural metric and we 

denote by ~ the normalized Lebesgue measure on SM. The measure ~ is invari- 

ant under the geodesic flow. 

1. Harmonic measures and Bowen-Margulis measures 

The family of  harmonic measures solves the Dirichlet problem on AI. Let f be 

a continuous function on A~t(oo). By [A], [S], there exists a unique function uy on 

A~t U AT/'(oo) such that 

Au I = 0 on A~t and 

Uf(Z)--+f(~) when z-~ ~, ~ E AT/(oo). 

For all x in At, the m a p f ~  uf (x) is a positive linear functional on C(A~(oo)). It 

defines a probability measure on A~(oo), the harmonic measure #x. For x,y in A~r, 

the harmonic measures ~x and #y are equivalent, i.e. they have the same negligi- 

ble sets. The Radon-Nikodym derivative d~x/d#y is given by the following result 

o f  [AS]. 
Let ~ be a point in A~t(oo). There exists a unique function k (x,y, ~) such that 

k(x ,x ,~)  = 1, Ayk(x,y,~) = O, 

k(x,z ,~)-+O when z - ,  ~', ~' =~ ~ E A~(oo). 

Then, for all x,y  in AI,/~-a.e. ~ in A~(oo), we have: 

cl~,y 
d~x (~) = k(x,y,~) .  

The projection of  the measure rxl/~x on S,~xM does not depend on the choice of 

the lift of  rx. We denote it by #~x. 

We define first the family of  Bowen-Margulis measures on the spheres SeM, 

y E M and then lift them on A~(oo) (see [H], [K21 for direct definitions). 

Let W ss be the strong stable foliation on SM, defined by its equivalence 

relation: 

X W ~ Y , ~  lim d(~otg,~'tY)= O. 
t ~ 4 - o o  
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It is a continuous foliation, the leaves of which are C2-imbedded (n - 1)-dimen- 

sional euclidean spaces. By [BM] there exists a unique (up to scalar multiplication) 

family of measures on the transversals to the foliation which is invariant under the 

pseudo group of holonomy maps. For y in M, t5 > 0, consider a transversal T as 

follows: 

T = U tptA, 
-6<s<-t~ 

where A is a small open subset of SyM. For ~ small enough, the invariant measure 

Vr has the following decomposition: 

(*)  PT = ehS ds dvA 

for some measure VA on A, independent (up to a scalar constant) of ~ (see sec- 

tion 3). Since SyM is a connected compact set, there exists a unique probability 

measure py on SyM such that for all small enough open subsets A of SyM, the re- 

striction of the measure vy to A is proportional to the measure vA in (*). 

Let x E AI. We define the Bowen-Margulis measure px on A~(oo) by 

ux(B) = U~x(Dr(z~-l(B)). 

By definition, the measures ~ and ~y are equivalent on AT/(oo). The Radon-  

Nikodym derivative is given by: 

PROPOSITION 1. There exists a continuous function F on ~,I such that for all 

x ,y  E ~/I, ~-a.e. ~ E ~I(oo). 

d~y F(y )  
d~x (~) = e-hC~tx'~tY~ F(x)  

where ~b ~x,~) is the Busemann function associated to (x, ().  

See section 3 for a proof. 

2. Results 

We defined in the preceding section two families of measures on ~t(oo) indexed 

by h~t. In each family the measures are mutually equivalent, and both measure 

classes are ergodic under the action of 7rl (M) on A~t(oo). There are two possibil- 

ities: either for one x - a n d  hence for all x - t h e  measures ~x and ~x are singular 

with respect to each other, or for one x - a n d  hence for all x - t h e  measures ~x 

and ~ are equivalent. We show below that in dimension 2 in the latter case/~x and 
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9x in fact coincide for all x. Our first result characterizes geometrically this coin- 

cidence property. 

THEOREM 1. Let M be a compact connected negatively-curved manifold. With 

the above notations, the following properties are equivalent: 

(1) for  all x in i~I, gx = vx, 

(2) for  all x , y  in )(4, ~ in 1Vl(oo) 

k (x ,y ,~)  = exp(-h~bx,~(y)), 

the function B is constant on SM (3) 

and 

(4) 4~kl -- h 2. 

When properties (1)-(4) are realized, we say that the metric is asymptotically har- 

monic. For an asymptotically harmonic metric, the measure Zxl~x is the normal- 

ized Lebesgue measure on Sx2qI for all x in At, the entropy of  the geodesic flow 

(SM,~Ol; m) is h, the constant in property (3) also is h. Clearly when SAI is a 

rank-one semi-simple Lie group the canonical metric is asymptotically harmonic. 

THEOREM 2. Let M be a compact connected negatively curved surface and sup- 

pose that for  some x in M, the measures #x and vx are equivalent. Then the cur- 

vature is constant. 

It is known that if for some x in M either the measure #x or the measure Vx is 

equivalent to the Lebesgue measure on SxM, then the curvature is constant 
([Kal], [Ka2]). Theorem 2 answers the third natural question of this type. 

3. Bowen-Margulis measures 

In this section we recall some facts behind the statements about Bowen-Margulis 

measures in section 1. We first have to explain formula (*). In [M2], Margulis con- 

structed a family of  measures on the strong unstable manifolds W uu such that a 

formula analogous to (*) gives a measure on pieces ,4u of unstable manifolds, 

.,~u = ~ ¢sAU~, A uu C W uu, 
-~<_s<_6 

which is invariant under the strong stable foliation. By the unique ergodicity of the 

foliation we can obtain the measure vr by sliding along W ~ leaves the above mea- 

sure from pieces of  unstable manifolds to subsets of  the form 



280 F. LEDRAPPIER Isr. J. Math. 

U ~,A,  A C S y M .  
-~<-s<-6 

If  6 and A are small enough that this sliding defines a one-to-one map between 

U ~o~A and a nearby piece of  unstable manifold, formula (*) follows. 
- 6 < s < 6  

We now prove Proposition 1. By the construction of the measures ~x, we only 

have to show that for any small open subset A of AT/(oo), for ~-a.e. ~, ~' in A, all 

x ,y  in A¢: 

(**) d~x (~) ~ (~') = exp(h~x,~,(y) - h~kx,~(Y)). 

In fact, if (**) is established and if W(x,y)  denotes the normalization factor 

W(x,y) = f exp(-M,x,~(y))dPx(~), 

we have for all x,y, P-a.e. ~: 

1 
d~x (~) = exp(-h~bx'~(Y)) W(x,y)  ' 

the function (x,y) ~ W(x,y)  is continuous, and W(x,x) = 1. 
There exists a unique (up to scalar multiplication) function F on A~t such that 

W(x,y)  = F(x ) /F(y ) .  The function F is continuous and Proposition 1 follows. 

For a small set A, it is sufficient to prove (**) when x and y are close enough. 

Suppose now that x and y are close enough that the two subsets of SM, A = rx lA 
and B = zTIA, are in the same domain of injectivity of lr and, furthermore, that 

d(TrA,TrB) < 6/C, for some fixed constant C. 

The constant C is chosen so that for all Y in/~, Y = ~" (y, ~), there is at most one 

point in W~,c(Y) N U ~ps~rA. 
-~_<s_<~ 

This point is then exactly ~t~r(x, ~) where t = -~kx,~ (y).  In other words, the im- 

age under the canonical map associated to W ~ of the set 7rB is the graph above 

a subset of ~rA in U ¢~rA of the function: ~r(x,~) --. -~bx,~(y). Take 0~,0~, 
- ~ < s < 6  

neighborhoods of ~, ~j' in ATf(oo) and consider 0 = Irr;-iO. To compute v~(O) we 

enlarge 0 to 8 = U ~osO and have 

f vr(8) = ~.~(0) ehSds. 
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By invariance under W ss we can compute ~'r(0) (up to a constant) in the set 

U ¢sr.4 and find: 
-8<s_<6 

PT(O) : f[ ehS dsdv~A 
x(x,~):-E<-s+~kx,~(y) <- ~1 

Formula (**) follows from the arbitrariness of e, 0~ and 0~,. 

4. Equivalent measures 

We first have the following proposition: 

PROPOSmON 2. Let M be a compact connected negatively-curved manifold such 

that for  some x in M the measures #x and Vx are equivalent. 

Then there exists a HOlder continuous function U on S M  such that for  all f (  in 

S)gI, we have: 

log k(q~(0),%~(1),%t(oo)) = h + U(~Ol'/l.e~ ) - U( ' / I .e~).  

PROOF. The above LHS is a I'-invariant H61der continuous function ([AS] sec- 

tion 6.2). 

The quotient function is the opposite of a H61der continuous function F0 on 

S M  for which the pressure is 0 and the equilibrium state is the only invariant mea- 

sure which admits the harmonic measures as a family of  transverse measures (see 

[L]). Under the hypothesis of Proposition 2, this equilibrium state has to be the 

measure with maximal entropy h. By [Li] (see also [B] Theorem 1.28), there exists 

a unique H61der continuous function U on S M  such that 

Fo(X)  = - h  - U¢~ (X )  + U ( X ) .  

Under the hypothesis o f  Proposition 2, we have for  all x ,y  in 1(4, COROLLARY 1. 

all ~ in )9I(oo). 

(***) 

PROOF. 

log k (x , y ,~ )  = -h~bx,~(y) + UTr(y,~) - Ur(x ,~ ) .  

Observe that we have for all t in R, all X in S)~t: 

log k(%~(0),3,8(t),3,x(~,)) = ht + U(~ot~rfO - U(~r,~). 

This formula is true for all X and all t rational number by the uniqueness of the 

function U given by the proof of Proposition 2. Then for a fixed X, both sides are 

continuous functions of t. 

Applying this formula to ( ( x , O , t )  and ( ( y , O , t  - ~kx,~(Y)) we get: 
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log k ( x , y , O  - log k(yx,~(t) ,  yy,~(t - ~bx,~(y)),~) 

= -h~bx,~(y) + UTr(y,~) - UTr(x,~) + UTr~x,~(t) - Ur~y,~(t - ~bx,~(y)). 

Corollary 1 follows because when t goes to infinity, the distance between )'x,~ (t) 

and 7y,~(t - ~bx,~ (y)) goes to zero. 

For all fixed ~, it follows from (***) that the function U~ defined by 

U+(y) = UTr(y,~) 

is a C 2 function on g7I. Differentiating (***) yields the following relations. 

COROLT.~Y 2. Under the hypothesis o f  Proposition 2, we have for  all f ixed 

in 1(4(o0), all y in All, 

grady log k(x ,y ,~)  = hz;-1~ + grad U~(y), 

-Ilgrady logtx,  y, 0112 = - h n ( y ,  ~) + A Ue (y ) ,  

AU~(y)  + h 2 - hB(y ,8 )  + ]]grad U~(Y)ll 2 + 2 h < r f l ~ , g r a d  U~(y)) = 0. 

The first line is obtained by taking the gradient of (***), the second the Lapla- 

cian of (***). The third line is obtained by comparing the first two. Theorem 2 fol- 

lows from Corollary 2 by integrating these relations with respect to the measure 

4 .  We remark that 

(ry~,gradyU~(y))  = lim 1 (U~(y~y,~(t)) - U~(y)) 
t~o t 

= lim 1 ( U ( y y , ~ ( t ) ) -  U(y ,O)  
t-*O t 

= U ' ( y , ~ ) .  

In particular, we have f (r~-l~, grady U~(y)) d ~ ( y , O  = O. 

We now prove Theorem 2. We can assume that the metric tr on M is given by 

o = pao where Oo is a metric of constant curvature -1 .  We identify (AT/, tro) with 

the hyperbolic disk and then k(x ,y ,  ~) is given by the Poisson kernel. Therefore we 

have 

1 
llgrady log k(x ,y ,~ ) l l  2 = p(ry-----S" 

The first relation in Corollary 2 yields: 

Ilgrady log k (x , y ,  OII 2 = h 2 + 2hU' (y,~) + Ilgrad U~(Y)II 2. 
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Integrating with respect to the measure ~ yields 

fpdmo 
= h 2 + f Ilgrady Ue (y)l] 2 din(y, ~). 

We used that 

f 1 P(Y) dff~(y) = 

f dmo(y) 

f p(y)dmo(y) 

where m0 is the normalized Lebesgue measure on (M, Oo). 

We find that h 2 _< 1/fpdmo. By [Kal] this is only possible when p is constant. 

COROLLARY 3. Under the hypotheses of Proposition 2, we have for all x in M, 
#x-a. e. X in sxM 

dvx exp( - U(X)) 
d~x (X) = 

fs .m exp ( - U ( X ) )  d#x(X) 

and the function F in Proposition 1 factorizes to M. 

PROOF. Consider on U ~osSxM the measure defined by 

exp(hs - U(X))dsdl~x(X). It follows from (***) that this family of measures 

is invariant under the W~-foliation (the details are the same as those of the proof 

of Proposition 1), and vx is given by the above formula. In particular we have 

F( Iry) 
dgYd~ (~) - d~y(~)d~(~) exp(Ua-(x,~) - UTr(y,~)) F(lrx) 

F( ,ry) 
= exp( -h~bx,~ (y)) - -  

F( Trx) 

where F(x) = (j" exp(-U(X)) d#x(X) ) -'. 
We now begin to prove Theorem 1. Suppose #x = Vx for all x. In particular the 

hypotheses of Proposition 2 are satisfied and, since d~y/d~x = d~y/d~x, we have 

log k(x,y,~) = -h~bx,~ (y) + log F( rcy) - log F( Trx). 
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In other words, the function U in (***) depends only on pX. The third relation 

in Corollary 2 then reads: for all X in SM, 

AU(pX) + h 2 - -  hB(X)  + Ilgrad uII 2 + 2h XU = O. 

Integrating with respect to the Liouville measure ~ ,  we have 

- h f B ( X ) d ~ ( X )  + f Ilgrad Ul]Zdm = h 2 O. 

By Pesin's formula (see [P]) f B d ~  is the metric entropy of the Liouville measure 

and both h 2 - h f B d ~  and f Ilgrad UllZdm are non-negative. We must have U 

constant, that is, k(x,y, ~) = exp(-h~x,~ (y)). Conversely, when this relation is 

satisfied, the same proof as for Corollary 3 shows that #x = Vx for all x. 

The equivalence between the relation k(x,y, ~) = exp(-h~bx,~ (y)) and B con- 

stant follows clearly from the expression of the Laplacian in horospherical coor- 

dinates: for all f E CZ(R,R) 

Ayf(~bx, ~ (y)) = f "  (d/x, ~ (y)) + B(y, ~)f '  (~bx,~ (y)). 

It also follows that the constant is h. 

Finally, when B constant equals h, let us prove that 4)~ = h 2. We only have to 

show that 4hi >-- h 2 and this follows, for example, from the fact that the Cheeger 

isoperimetric constant of A~t (see [C]) is bigger than h. For we have for all bounded 

normal domain fl in AT/, and some x in/~t, ~ in/~t(oo) : 

hV(fl) = IA~bx,~(y) d V ( y ) =  I (grad ~bx,~(y),v)dA <_ A(Ofl). 
dn do fl  

In order to prove the converse we shall use the notion of entropy of the brown- 

ian motion on A] r, introduced by V. A. Kaimanovich. 

5. Kaimanovich entropy 

In [K1] the following properties are proven: let p( t ,x ,y )  be the heat kernel on 

/~, the fundamental solution of Ou/Ot -- Au, and m the normalized Lebesgue mea- 

sure on M. 

1. Let [3 = f (f Ilgrad log k(x, . ,  ~)l 7r-l(Y)l]2 d~-~y( O)dm(y )" Then 

t ~ - t  p ( t , x , y ) logp( t , x , y )dV(y )  

where V is the Lebesgue measure on/f / .  
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2. ot 2 ___/~ < oth, where c~ = fB(x,~)d~x(~)dm(x). 

PgOPOSlTION 3. With the above notations, we have 

4~k I < /~. 

PROOf. We have 

(3 = lim [ - ~  fp(t,x,y)log 

= l i m [ - { f o t f [ ( l + l o g p ( s , x , Y ' ] ~ P ( S , x , y ' d V ( y ) d s  ] 

= l i m [  I f 0  f ] t-.~ - t  (1 + log p(s,x,y))Ayp(s,x,y) dV(y)ds 

[~ fot f llTp(s'x'y)ll2 dv(y)ds] --- lim 
t--*oo p(s,x,y) 

[ fo'(f )1 = lim Ilv x/p(s,x,y)ll 2 dV(y) ds . 

Since 4p(s,x,y) is a function in L2(h~ ̀, V) with L 2 norm 1, we have by Rayleigh's 

principle 

> 4 lim 1 ( ,  _ - hldS=4hl. 
t--* oa t Jo 

We now achieve the proof of  Theorem 1 by proving that the relation 4ht = h 2 im- 

plies the other properties. In fact we have in this case 

4hi = a 2 = ~ = o t h  = h 2 

(compare Proposition 3 and property 2 above). 

Since B = oth, we have equivalence between the measures #x and vx for all x in 

M (see [L]). The second and third relations in Corollary 2 are relations between 

function on sAT/which are I'-invariant. We can therefore integrate them on SM 
with respect to the measure dt, y(~)dm(y) and get 

-a = -n= + f av,(y) dm(y), 

f au~(y)a,,(~)am(y) + h2-h~ + f lgrad Ue(y)~2d#y(~)dm(y) 

+ 2h ( ( ry - l~ ,g rad  U~(y)} dt*y(~) din(y) = O. 
d 
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In the above integrals, AU~(y), Ilgrad U~(y)l[ 2 and (zTl~,grad U~(y)) are the 

quotient functions on SM. There is a further relation between these integrals, 

obtained by writing . [ iAKdm = 0, where K is the quotient function on M of 

fU~(y) d~y(~); we get, using the expression in Corollary 1 for grad k(x,. , 0 ,  

f ( A U ~ ( y )  + 2h(Ty-l~,grad U~(y))  + 211grad U~(Y)l[ 2) dl~y(~)dm(y)  = 0. 

Using/3 = htx = h 2 we get 

f IIgrad U~(y)ll2d#y(~) dm(y) = 0, 

that is, the function U~ is constant for #-a.e. ~, which means that the function U 

is constant along a dense set of leaves of the stable foliation. Since U is continu- 

ous on SM and the stable foliation is transitive, U is constant. Referring to (***) 

we have proven that 

log k(x,y, ~) = exp[ -h~x,~ (y)]. 

The above proof provides another criterion for asymptotic harmonicity: 

COROLLARY 4. A compact negatively curved manifold is asymptotically har- 
monic if and only if 

(5) o~ = h. 

So to what extent a metric is asymptotically harmonic can be measured by an- 

other continuous dimensionless functional u/h; ot is the speed of the brownian mo- 

tion on M, h the volume growth of balls in ~t. 

REFERENCES 

[A] M. T. Anderson, The Dirichlet problem at infinity for manifold of negative curvature, J. Differ. 
Geom. 18 (1983), 701-721. 

[AS] M. T. Anderson and R. Schoen, Positive harmonic functions on complete manifold of neg- 
ative curvature, Ann. of Math. 121 0985), 429-461. 

[B] R. Bowen, Equilibrium states and the ergodic theory ~f  Anosov diffeomorphisms, Lecture 
Notes in Math. 470, Springer-Verlag, Berlin-Heidelberg-New York, 1975. 

IBM] R. Bowen and B. Marcus, Unique ergodicityfor horocyclefoliatio~, Isr. J. Math. 26 (1977), 
43-67. 

[C] J. Chavel, Eigenvalues in Riemannian Geometry, Academic Press, Orlando, 1984. 
[H] U. Hamenst~idt, A new description of the Bowen-Margulis measure, Ergodic Theory & Dy- 

namical Systems 9 (1989), 455-464. 
[KI] V. A. Kaimanovich, Brownian motion and harmonic functions on covering manifolds. An 

entropy approach, Soviet Math. Doklady 33 (1986), 812-816. 
[K2] V. A. Kaimanovich, in preparation. 



Vol. 71, 1990 HARMONIC MEASURES 287 

[Kal] A. Katok, Entropy and closed geodesics, Ergodic Theory & Dynamical Systems 2 (1982), 
339-365. 

[Ka2] A. Katok, Four applications of con formal equivalence to geometry and dynamics, Ergodic 
Theory & Dynamical Systems 8 (1988), 139-152. 

[L] E Ledrappier, Ergodic properties of  Brownian motion on covers of  compact negatively curved 
manifolds, Bol. Soc. Mat. Bras. 19 (1988), 115-140. 

ILl] A. N. Livshits, Homology properties of Y-systems, Math. Notes 10 (1971), 758-763. 
[M1] G. A. Margulis, Applications of ergodic theory to the investigation of manifolds of nega- 

tive curvature, Funct. Anal. Appl. 3 (1969), 335-336. 
[M2] G. A. Margulis, Certain measures associated with U-flows on compact manifolds, Funct. 

Anal. Appl. 4 (1970), 55-67. 
[P] la. B. Pesin, Equations for the entropy of the geodesic flow on a compact Riemannian mani- 

fold without conjugate points, Math. Notes 24 (1978), 796-805. 
IS] D. Sullivan, The Dirichlet problem at infinity for a negatively curved manifold, J. Differ. Geom. 

18 (1983), 723-732. 


